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PREVIOUS KNOWLEDGE
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PROPERTIES OF DEFINITE INTEGRALS — PROOFS

7 [Pfxdx = [ f(Ddt

Proof: substituting x= t, dx=dt we
fab f(x)dx = fab f(t)dt

2. fab f(x)dx =-flf1 f(x)dx in particular faa f(x)dx =0

Proof: Let F(x) be anti-derivative of f(x)
[P G0 dx = F(b) -F(a) = - (F(a)- F(b) = - [ f(x)dx

If a= b we havefab f(x)dx = F(a) -F(a)=0




3.fab f(x)dx = f: f(x)dx + fcb f(x)dx

Proof: Let F(x) be anti-derivative of f(x)

fab f(x)dx = F(b) -F(a)evererrerrnenns (1)
JEEGOAX = F(C) - F(@).wrvrvre (2)
[2GOAX = F(b) - F(C)rrvrrrnn (3)

Adding (2) and (3)
fac f(x)dx + fcb f(x)dx = F(c) - F(a) + F(b) - F(c) = F(b) -F(a)= fab £(x) dx

a. [P f(x)dx = [ f(a + b — x)dx

Proof: let x=a + b - t= dx= - dt, when x=a t=b and when x=b t=a
Substituting inf: f(x)dx
b b
J, f(x)dx = fbaf(a +b — t)(=dt) =[ f(a+ b — t)(dt) (by property 2)

= f:f(a + b — x)(dx) (by property 1)




5.an f(x)dx = an f(a — x)dx

Proof: let a-x =t = dx= - dt, when x=0 t=a and when x=a t=0
Substituting in foa f(x)dx = - fao f(a — t)dt =an f(a — t)dt (by property 2)

= foa f(a — x)dx (by property 1)

2
6. fo f(x)dx = an f(x)dx +an f(2a — x)dx
Proof: foza f(x)dx =an f(x)dx +fa2a f(X)dX coereeeeeereeen (1)
In faza f(x)dx, put 2a-x =t = dx= - dt, when x=a t=a and when x=2a t=0

Substituting in f:a f(x)dx = - fao f(2a — t)dt =an f(2a — xX)dX ccveverennn (2)
From (1) and (2)

[ 0dx = [T (x)dx + [ f(2a — x)dx




2 [ f(xdxif f(2a — x) = f(x)

. [**reod ={
7. Jo fG0ax 0 if f(2a — x) = —f(x)

Proof: from property 6

S GO dx = [7 GO dx + [ f(2a — 3)dX woveereeeeeceeenes (1)
(i) if f(2a — x) = f(X) ccvcevermeecerene (1) changes to

SR fGOdx = [ FGadx + [ fGOdx = 2 [T FG)dx
(i)  if f(2a — %) = —F(X) -ceecsuereene (1) changes to

SR fGOdx = [ FGIdx - fG)dx = 0

a - - -
3. J-_aa £(x)dx ={2 fﬂ f(x)dx if f is even function
0 if f is odd function

Proof: from property 3 ffa f(x)dx = __r_ﬂaf(x}dx + fﬂaf(x}dx ceememee (1)
Put x= -t = dx= - dt, when x=-a t=a and when x=0 t=0

Substituting in f_']a f(x)dx =— faﬂ f(—t)dt

=[S f(—odt = [ fF(—x)dX ccccueee. (2)
From (1) and (2) [~ f(x)dx = [ f(—x)dx + [ fGIAX oo (2)
(i) if fis even function f(-x) =f (x) jf‘a f(x)dx =2jcf‘ f(x)dx from equation 2

(ii) if fis odd function f(-x) = -f (x) j_“:‘a f(xx)dx =0 from equation 2




EXAMPLES

By using the properties of definite integrals, evaluate the integrals

T s 1 z i . 8
1.f02 \/Tn::;;m Z.fo x(1 —x)"dx 3.f02(210gsmx — logsin2x)dx 4.f2 |x — 5|dx

T
LI o

5.2 sin” x dx 6./, log(1 + cosx) dx
= 0

. s + sinx
1. Find [ e o
. . . = W sinx
SDIUtIDn- I - Iﬂz -"‘IIEinx-'_".‘llcﬂ-sx S e e {1}

By using the property fna f(x)dx = fua fla — x)dx

™ [sin (Z—x) i oo
1= Jz2 2 =[= VEOoSX AX oo (2)

“Jo L Fgi
Jsin (: x}+qus ['JET x) Woosx+vsinx

Adding (1) and (2)

S R— “ Y
W SIIX 4 _,rE W COSX
o L

I
21= [z — ,
0 +sinx++cosx cosx+vsinx

™ - L1 T

—/sinx++cosx — = TT

2l =)= dx =)21.dx=|x]zZ =—--0
"'r':' veoosx+sinx -'rCl L ]D >

ELY

2= — 1 =
2 A

T —
Therefore, [z 275 =
A0 sinx -/ cosx

| H




2. Find [, x(1 — x)" dx
Solution: [ x(1 — x)" dx
let I = [ x(1 —x)" dx
= [J(1— )1 — (1 — x)"dx since [, f(x)dx = [, fla—x)dx
1=, (1 =)@ —1+x0)"dx = [, (1 —x)(x)" dx

1

L1 I]‘?+2:| 1 1 1
0

=f, (" = xM ) dx = 2

n+1 n+2

n+1  n+2 (m+1)(n+2)

1
n+1){n+2)

fﬂlx(l —x)"dx =

1
(n+1)(n+2)

Therefore, fﬂl x(1—x)"dx=




3. Find fﬂg@lﬂgsinx — logsin2x)dx
Solution: Let | = fug(ZIogsinx — logsin2x)dx
| = jﬂg(ZIagsinx — log2sinxcosx)dx since sin2x = 2sinxcosx
I :f;_;(ﬂogsinx — log2 — logsinx — logcosx)dx

I :E(Iﬂgsinx —log2 — logcosx)dx .eeeeeeereeeereennn(1)

T

| = _IDE (Iugsin{% —x) — log2 — Iogcog{g — x)) dx since fﬂa f(x)dx = fﬂa fla —x)dx

=f§(!ogcosx —log2 — logsinx)dx ...cowreenreennen (2)
Adding (1) and (2)

2l = f;(lﬂgsinx —log2 — logcosx)dx +j§[£ﬂgcosx —log2 — logsinx)dx
I T T -
:foz —2log2 dx =-2log2 foz 1.dx =-2log2 [x]? =-2log2 {E -0)
s s T 1
21 =-2log2 == EIDgZ == log 3

Therefore, [Z(2logsinx — logsin2x)dx = g log %




4. Find [, |x - 5/dx
Solution: Let = f;lx —5|dx
since (x-5) < 0forx € [2,5] and x-5) 2 0 for x€ [5,8]

we can write | = — f;(x —5)dx + f;(x —5)dx (since f; flx)dx = f: f(x)dx + f:f(x)d:{ )

8

= (~x + 5)dx + [} (x — 5)dx - [T ¥ 5{ ; [E - 5::]

5

|='T25+25+2-10+32-4ﬂ-§+25=9

Therefnrefflx —5|dx=9




5. Find [% sin” x dx
2

T

Solution: 1= [%;sin” x dx

2

7 7

sin’x = sin’ (—x) =-sin’x therefore sin’x is odd function, hence

T

| = I_EESEH? xdx =0 ( f_ﬂﬂ f(x)dx =0if f is odd function)

2

T

TherEfDrEf_EESfHT xdx =0
2




6. Find jnnlng(l 4 cosx) dx
Solution: Let | = fﬂrlug(l + €08X) dX oo (1)
| = fnﬁ log(1 + cos (m — x) dx , since fuaf(x}dx = fuaf(a — x)dx
| = f;rlog(l — €08X) dX wvevrererererennn. (2)
Adding (1) and (2)
2l = fun log(1 + cosx) dx+f;rlog(1 — cosx) dx
2l = fﬂrlug(l + cosx)(1 — cosx) dx :jﬂrlug(l — cos?x) dx
2 =f;rlﬂg sin® xdx = fnn 2logsinxdx
| = fﬂn [O0GSINXAX woeeeeeeeeee e ceereeeeee e seerneseneeanenes (A
Since sin(m-x) = sinx
| = f[:T logsinxdx = ZET log sinx dx [fﬂmf(x}dx =2 fﬂaf(x)dx if f(2a—x)=f(x))

| = 2fﬂ5 log sinx dxX e (3)

| = 2]05 log sin (g— x) dx =2f05 log cosx dx ............. (4)




Adding (3) and (4)
2l = EJE log sinx dx +2JfﬂE logcosx dx =2qu log sinxcosx dx
2l = =2fﬂ5 (log 2sinxcosx — log2)dx ==2_,f05 (logsin2x — log2) dx
| = fﬂz (logsin2x) dx + jnz (—log2) dx
let 2x =t = 2dx = dt=dx = % when x=0, t=0 and when x=n/2 ,t=2m

. dt z
|=f;.logsmt? - (log2) fuz dx

| =§ f; logsint dt -log2 [x]g

|= %ff logsinx dx - log2 {g -0) (sin-::e_[;I f(x)dx = f;f(t)dt )

log2 from (A)

NS
b | H

| - |=-glugz :-%|=-§|ogz

Therefore, fﬂn log(1 + cosx) dx = - log2
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